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COMPRESSIONAL

BEHAVIOUR

OF

THICK

PLATE

ELEMENTS

by J RHODES I and I H MARSHALL 2

INTRODUCTION

It is well known that failure of a thin plate element occurs at a load
very close to that at which the maximum membrane stress reaches yield.
This fact has been used in many design specifications, e.g. (1) (3)
whereby the failure load is computed on the basis of the substitution
of an appropriately factored yield stress into the relevant effective
width expression.
For relatively thin plate elements, width/thickness
ratios greater than about 60-80, failure often occurs quite suddenly
soon after the onset of first yield in compression and no post-yield
capacity is obtained.
The concept of failure occurring at first yield
in compression is generally very accurate in these cases and describes
the practical situation very well.
In the case of thicker plate elements, bit less than 60-80 for stiffened
plates or about 25 for unstiffened plates, yielding can be a much more
gradual process.
This gradual yielding can allow the build up of
increased load in adjacent elements, e.g. beam webs, and thus significantly increase the carrying capacity of some cold-formed sections. Such
behaviour was examined for cold-formed beams by Reck, Pekoz and Winter
(9) who showed that advantages could be obtained by utilising the
inelastic reserves of strength present for relatively thick compression
flanges.
Sanders and Householder (12) also examined the behaviour of
cold-formed beams in the inelastic range from an experimental viewpoint,
and observed the effects of web-buckling in this range.
With the growth in use of limit analysis in design the benefits to be
gained from accurate assessments of the elasto-plastic behaviour of coldformed sections can be significant.
In order to obtain these benefits
to the full extent, a knowledge of the behaviour of relatively thick
plate elements in the elasto-plastic range is essential.
An area of
particular importance is the post-maximum load behaviour of plate
elements, since the realisation of plastic capacity in a member such as
a beam is dependent upon whether or not the compression flange sheds load
at a greater rate than the webs build up load.
Examinations of elasto-plastic plate behaviour have been carried out for
a number of years.
In recent years, particularly in the case of bridge
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plating, research has intensified largely through the use of large
scale numerical approaches employing finite differences or finite
elements, e.g. (4) (7).
While such analyses provide valuable information, their use in the area of design is limited, and simpler methods
of approach have many advantages.
The aim of this paper is to describe
a simple method of approach to the analysis of elasto-plastic plate
behaviour and to illustrate the effects of this behaviour on the moment
resistance of a cold-formed section beam.

METHOD OF APPROACH
The material stress-strain law is assumed to be of the elastic-perfectly
plastic type as shown in Fig 1.
The basic method of approach is very simple in concept.
That is, to
evaluate the effective width on an elastic basis by examining the strains,
rather than the stresses as is the usual case, and to consider that in
the elasto-plastic range these effective widths still apply. 'Therefore,
in the elastic range the load on a plate is given by
P :. E.e:t.b

e

(1)

In the plastic range the load is assumed to be
P

= Oy.t.b e

(2)

The application of elastically derived effective widths, in terms of
strains, to the plastic behaviour of plates was examined by Botman and
Besseling (1) in the investigation of aluminium plates with gradually
changing stress-strain curves.
They found excellent agreement between
experiment and theory.
Koiter (6) indicated that the use of this type
of approach is likely to give good results for a variety of plate problems.
Johnson and Winter (5) used an approach somewhat similar in essence in
evaluating deflections for stainless steel beams with gradually changing
stress-strain curves.
Wang, Errera and Winter (14) used a modified form
of the AISI effective width equation, expressed in terms of strains, in
the examination of stainless steel beams.
The application of this approach to the examination of plates with sharply
defined yield point was carried out as follows.
An accurate elastic analysis of the plate under question was carried out
using the method described in ref (10), and the elastic effective widths
for any given edge strain, e:, were obtained.
In the case of imperfect
plates the simplest method of obtaining effective widths was to specify
deflection magnitudes and compute the corresponding loads and strains,
thereby obtaining the effective widths.
Typical load-strain curves are
shown in Fig 2(a) for a plate with yield strain, e: , less than buckling
strain e:CR '
For a perfect plate the load remainsYconstant at Py after
yielding
until the critical strain is reached.
Thereafter the load
reduces so that P/P y = be/b.
For an imperfect plate first membrane
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yield occurs slightl.y before c ~ Cy. Tlw}"cfore to rn:,J:e the pre-yield
and post-yield curves match at the point of first yield, the rn'l~nitu(J(;
of impcrf(;ction is adjusted Sli;,;'ltly in t he po s t-yield range to give
the modified post-yield curvc indicated in Fig 2(a).
In the case of plates which bllckle beforc yielding the maximum valur" of
edge strain is sO;[J(!·.·.'hat larger than the average val,lIe.
Therefore to
make the post-yield curve match with the pre-yield curve at the point of
first yield, some additional adjustment is required.
This is simvly
carried out, with only very slight alteration to the post-yield curve,
by employing a modi.fied ECR ' as shown in 1'1g 2(b), ,·;hich has the effect
of translating the effectlve width curve slightly along the E axis as
indicated.
Thus a co;nplete picture of the plate behaviour in the
elastic range and in the elasto-plastic range is built up.
The modifications required in cCR and W in the plastic range do not
make an <,ppreciable difference
to thg curves, apart from ensuring
continuity.
The accuracy with ,·;hich this approach predicts plate behaviour in the
elast-plas tic range mus t no'~ be examined by comparing the re:u 1 ts Hi th
those of rigorous elasto-plastic analysis, and wi th experiments.
Tr.e
relevant expressions for stiffened and unstiffened plates arc detailed
and examined in the following sections.

STIFFENED PLATES
Stiffened plates are generally considered, for design purposes, to ha~c
simple support conditions on their unloaded edges.
While neglect of
edge restraints may lead to some conservatism in the elastic range, the
onset of plasticity very much r~duces any restraining effccts from
adjacent members and makes the simple support condition ext-remely
realistic in the plastic range.
Moxham (8) found expericent ~ lly that
in the plastic range plates wi th unloaded edges fixed behaVed \'e-ry '::t.:C:;
the same as simply supported plates.
Also, on the unloaded edges i[
is assumed that no normal stresses are present.
Moxham also found that in the plastic range the buckle half wavelength
at failure was somewhat less than the plate Width, and suggested that
the value of alb = 0.875 as an average value of the ratio of buckle half
wavelength to plate width.
Using this value, and employing the elastic analysis of ref (10), the
following results are obtained:
_

£

= 4.07(1

P =4.07(1

eau .,. a..ax .,. 4.07(1

1'0

-

~)

1'0

W

2

+ 2.3«t)

(3a)

2

- ~) + 0.94«~)
l'

-

2

l' 2
(~) )

t

w

(3b)

2

~) + 3.615«Wt ) - (to) )
..

(3e)
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where c, P and cr
are the non dimensional forms of the average edge
strain, the applT~~ load and the maximum edge stress respectively.
i.e.

-c

(4)

b

(5 )

n 2D

P

cr

(6)

max

The effective width for strain is obtained from

Yield occurs when cr
range is obtained f~~

= cry
p =

and thereafter the load in the plastic

b:

cry

=~

cry

as described previously, with slightly modified buckling coefficient and
imperfection value to ensure continuity of the load-strain behaviour.
The results of this analysis were tested against various rigorous
elasto-plastic numerical analyses, and excellent agreement was obtained.
Typical comparisons are shown in Fig 3, indicating the close agreement
at all stages in the elastic and elasto-plastic range.
In view of this
close correlation it may be claimed that the approach indicated is very
accurate in its prediction of elasto-plastic behaviour in stiffened
plates.

UNSTIFFENED PLATES
In the case of unstiffened plates, a large test series was carried out
by Rogers and Dwight (11) on the elasto-plastic behaviour of such plates.
The plates tested were simply supported on one unloaded edge, free on the
other and fixed on the loaded edges.
The plates had length/width ratio
of 8.
elastic analysis of these plates using the method of ref (10) gives
the results:

An

-c

w
2
0.4516(1 _ ..2.) + 0.1007 «~)

P

0.4516(1

w

w

c

max

cr-

max

_ ..2.)

w

w
w2
0.4516(1 _ ...2.) + .1217 «t")
w

2

+ 0.0455( (~)

w 2
(..2.) )

t

w

2

(...2.) )

t

(7a)

(7b)

w 2
(...2.) )

w

(7c)
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In the plastic range the load corresponding to any given value of €
is evaluated using the same method as for the stiffened plates.
Comparisons of the behaviour predicted using these equations and the
experimental results obtained by Rogers and Dwight are given in Fig 4.
The agreement is good in each case, and the method can be said to
produce accurate predictions both for plates which buckle before
yielding and for plates which yield prior to buckling.
It can therefore be said that the conclusion reached by previous
autijors for materials such as aluminium and stainless steel are also
perfectly valid for sharply yielding materials, that is that if
effective widths are evaluated elastically in terms of strains, then
these are also applicable in the elasto-plastic range.
Equations (7) for unstiffened plates are specifically for the conditions
quoted, i.e. a/b = 8 and fixed loaded edges.
The coefficient 0.4516
is the calculated buckling coefficient for this condition and should be
modified to suit the plate aspect ratio a/b, taking v as 0 3.
For
plates with other aspect ratios the coefficients of «w/t)~ - (w /t)2)
8b 2

0

in these equations should be multiplied by (--). In the case of
a
plates with simply supported loaded edges, these coefficients should be
multiplied instead by (:&)2.
a
The results shown here are typical of those obtained from a large number
of comparisons with experimental and rigorous theoretical analyses. In
general it was found that in comparison with theoretical analyses, best
agreement was obtained with the most recent and most computationally
rigorous numerical approaches.
Indeed, agreement with these analyses
and with carefully controlled experimental investigations is so good
that despite the rather intuitive evolution of the approach it would
appear that this simple type of analysis fundamentally describes the
behaviour of relatively thick plates in the elasto-plastic range.

APPLICATION TO BEAM ANALYSIS
To illustrate the evolution of plasUc moment capacity some results
were evaluated for the cross-section shown in Fig 5.
This is of the
same general shape as some of the specimens tested by Reck et al (9).
To obtain results of practical interest realistic imperfection values
should be used in the analysis.
From a study of various plate tests,
Walker (13) showed that an imperfection magnitude given by
wto

= 0.2

PULT

PCR

(8)

when used in an elastic analysis similar to that used here gives a
conservative estimate of test results.
This imperfection magnitude
was used in B.S.449, Addendum No.1, for cold formed sections and has
also been used to obtain the curves shown in Fig 6.
Since of course
PULT is dependent on wo ' the final values of wo/t used for each plate
are only approximately given by equation (8).
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Simple plasticity theory was used to evaluate the curves of Fig 6.
For the section and bit ratios considered plasticity occurs first on
the tension side.
The moments to cause first yield in tension,
first yield in compression, and full plasticity for the unreduced
section are indicated in the figure.
The figure shows the elasto-plastic variation of moment with variation
in compression flange strain for three different material thicknesses,
i.e. bit = 20, bit = 40 and bit = 60.
For bit = 20 the beam reaches
more than 99.5% of the fully plastic moment and retains a large
proportion of its resistance at strains far beyond yield. For bit = 40
the beam reaches just under 93.5% of the fully plastic moment, but has
a relatively rapid reduction in capacity as strain increases after
maximum load.
For bit = 60 the beam only acquires about 81% of the
fully plastic moment, due to the substantial local buckling effects
occurring before yield in this case.
The rate of reduction in moment
capacity after maximum load is not as great as for the case bit = 40.
It should be pointed out, however, that in practice for the case
bit = 60, since local buckling is initially elastic for this section,
a substantial degree of rotational restraint will initially be present
at the edges of the compression flange.
This restraint will vanish
with the plastification of the compression flange, thus inducing a
greater rate of load shedding than is shown in the figure which does
not take the effects of rotational restraint into account.
The effects of different imperfection magnitudes are shown in Fig 7
for the cases bit = 40 and bit = 60.
For bit = 20 the maximum moment
is extremely insensitive to initial imperfections, although the strain
at which this occurs is highly sensitive to these imperfections.
From
the figure, it is noticeable that the maximum load is quite sensitive
to imperfections for bit
40, and less so for bit = 60.
The curves of Figs 6 and 7 are drawn for a length of beam equal to one
buckle half-wavelength.
In a bend test with a given length of beam
under pure moment the negative slope part of the curves, after the
attainment of maximum load, will be altered due to localisation of the
plastic buckle.
During this process the buckling deflections concentrate in a single buckle, with some relaxation of the deflections in all
other buckles.
Thus obvious signs of failure will be apparent in a
single buckle upon later inspection, with the rest of the beam
relatively unaffected.
Moxham (8) carried out a number of tests on long plates which developed
a number of buckles in the elastic range and underwent localisation in
the plastic range.
By comparing the predictions of the present analysis
with Moxham's experimental results it is found that the localisation can
be taken into account rather simply.
By assuming that upon attainment
of the maximum load all subsequent deformation is confined to the plastic
buckle, with no change in the deformations of the rest of the plate, the
apparent load-strain behaviour of the complete length of plate can be
determined.
Analysis based on this assumption showed consistently
excellent agreement with Moxham's experimental results.
In view of this it can be suggested that for a beam under pure moment
the localisation of buckling into a single huckle can be taken into
account by assuming that all sections other than that containing the
plastic buckle remain in the deformed state attained on reaching the
maximum moment.
The buckled section then continues to develop the
partial hinge.
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Using this criterion the rate of unloading obtained when subjecting
a section of length R. to pure moment will vary as R./a, where a is
the buckle half wavelength, taken as 0.875 b in this analysis.
This effect is indicated in Fig 8 for different lengths of beam, and
suggests that the apparent rotational stiffness in the post-maximum
moment range is highly dependent on the length of beam tested.

USE OF THE AISI EFFECTIVE WIDTH EXPRESSION
The AISI effective width expression may be written in terms of strains
in the form suggested by Wang et al (14):
b

e
-=
b

.f¥-

(1 - 0.22

.f¥-)

for E > 0.453E CR

b

~ = 1
b

(9)

By using eqns (1) and (2) for the loads in the elastic and plastic
ranges respectively, load-strain behaviour for elasto-plastic plates
can be examined.
Comparisons of the results obtained with those of
the analysis of this paper are shown in Fig
From the figure some differences in the maximum loads are noticeable.
These differences are not very large and are to an extent a consequence
of the imperfection magnitudes used in the analysis.
Indeed, since
the imperfections used were very similar to those of ref (3) the
differences in maximum load merely reflect approximately the differences
in effective width given by the AISI specification and the UK specification for these plates.
Of greater significance to the present
investigation is the degree of negative slope of the curves in the
plastic range.
The AISI equation predicts a rather similar, but
slightly steeper negative slope than equations (3).
In view of this,
it may be suggested that the AISI equation as used here is quite accurate,
if slightly conservative, in its prediction of the capacity of plates to
retain load resistance after yield . .

CONCLUSIONS
The method of analysis outlined has been shown to predict the elastoplastic behaviour of relatively thick plate elements with a high
degree of accuracy.
Its application to the analysis of beam behaviour
illustrates the post-yield capacity of the particular beam examined.
Comparison with the AISI effective width equation, expressed in terms
of strains, suggests that this equation gives accurate and slightly
conservative estimates of P9st-yield behaviour.
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APPENDIX 2

NOTATION

The following symbols are used in the paper.

a

half wavelength of local buckle

b

width of compression element

b

effective width of compression element

e

D

plate flexural rigidity factor

E

Young's modulus of elasticity

J/,

plate or section length

M

applied moment

P

applied load

PULT

applied load at failure

Py

squash load

t

material thickness

w

magnitude of local buckle deflection

w

magnitude of imperfection

C

strain in the longitudinal direction

0

strain to cause local buckling

CCR
Cy

yield strain

a

stress in the longitudinal direction

amax

maximum membrane stress in plate

0y

yield stress of material

c, e:max' p

non-dimensional forms of variables,

0,

-a

max

defined in the text
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